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Abstract: In this paper, we determine the pa-duals of certain newly introduced
difference sequence spaces, namely £ (u, A", q), co(u, A", q), and c(u, A, q). Fur-
thermore, we investigate their topological properties and establish the conditions
under which these spaces are perfect.
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1. Introduction and preliminaries

Assume that w denotes the space of all sequences. Throughout this chapter, we
adopt the notation g = (gi) to denote a sequence of positive real numbers. Some
generalized sequence spaces, such as (. (q), ¢(q), and co(q), have been studied by
various authors [17-19]. Ahmad and Mursaleen [1] introduced the concept of some
new generalized difference sequence spaces, defined as follows:

Nloo(q) = {rew:Arelo(q)}
Nc(q) = {rew:Axec(q}.
Nco(q) = {rew: Ar € c(q)}
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Where Azxy, = xp — 41 . After that, Et and Basarir [16] defined these difference
sequence spaces in a more general form by introducing the operator A™on these
spaces.

A"o(q) = {rew: ATx e l(q)}
Ac(q) = {zew: A"z ec(q)}.
Aco(q) = {zew: A"z €c(q)}.

Where m is any positive integer and Ax), = xy,, A"z, = A™ Lo, — A™ 1z, and
AMzy = 3" (1) (") @pp. They also obtained the Kéthe-Toeplitz duals of the
space A"l (q). In 2004 (see [11]), C. Asma Bektag gave the (- and 7-duals of the
spaces A"l (q) and A™c(q) . They also gave the a-duals of A™cy(q) and A™c¢(q).
Let v = (vg) be used to denote any sequence of non-zero complex numbers. Et
and Esi [15] extended the concept of difference sequence spaces to introduce the
sequence spaces A”(X) defined as below

AMX)={rcw: Al'lz € X}.

Where A™(xy,) = A™ gy, — A lpy o and A™(xy,) = ZZO(_l)i(?>Uk+ixk+i.
Bektas, Et, and Colak [12] defined the sequence space A"(X) for X = l, ¢, ¢
and found the - and «-duals of these spaces. Let U denote the collection of all
sequences consisting of non-zero complex numbers. That is, if u = (uy) € U then
we must have ug # 0 for all k. Throughout this article, we will use wy for |ug| ™.
By taking a sequence of non-zero terms (uy), Malkowsky [20] introduced a new
class of difference sequence spaces X (u, A\) defined as

X(u, ) ={xr e w: (uhxy) € X}.

Where v € U and X denotes one of the spaces (o, ¢, cq.
Asma and Colak [6] combined the above concept with generalized sequence spaces
and introduced a new class of sequence space X (u, A\, q), defined as follows

X(u, N, q) ={zx € w: (uphxy) € X(q)}.

Later, Bektag A. replaced A with A? and introduced another class of sequence
spaces X (u, A% q). Many authors [8, 13] have studied the Kothe-Toeplitz duals of
such sequence spaces. The reader may refer to the articles [2, 3, 4, 5, 7, 8, 10, 14,
23], which are among the first publications in this research area, and to the recent
textbooks [21] and [9] for new results on sequence spaces generated by certain
triangles, as well as for fundamental theorems in functional analysis, summability
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theory, and sequence spaces. In 2024, Giilcan A.T. (see [22]) introduced some new
sequence spaces, defined below, and also determined the a-,3-, and y-duals of these
spaces.

loo(u, A1) = {z €w: (wpAmy) € loo(q) }
c(u, A q) = {x€ew: (yplALag) € ¢(q)}

v

colu, A, q) = {x €w: (ugl)'zy) € co(q)}

In the present paper, we continue our work on the spaces X (u, A", q) and de-
termine the pa, pB, and py-duals of these spaces. We also show that the results
of Giilcan A.T. and many other researchers are special cases of our findings. Fur-
thermore, our results generalize all previously known results on these spaces.

2. Definition of the pa-, pS- and pvy-duals of a sequence space
The definition of pa-, pB- and py- duals of sequence spaces was defined by Et
[15]. Let E be a sequence space and p > 0, then

o0

EP* ={a=(a) : Z lagzi|P < oo, for each = = (xy) € E},
k=1

EPP = {a = (a) : Z(akxk)p is convergent for each = = (x}) € E'},
k=1

EPY ={a = (ax) : sup| Z(akxk)p\ < 00, for each z € X}.
k=1
EPe EPS and EPY are called pa-, pB- and py- duals of E. If we replace p with 1 in
the above definitions, then we get the a—, f— and y— duals of F. If E C F' then
F" C E" where 7 is stand for pa-, p- and pr.

3. Main Results
We start our discussion with the following established result, which plays a key
role in developing the proof of our main results.

Theorem 3.1. cy(u, AT, q), c(u, A", q) and lo(u, AT, q) are linear spaces. [22]

Theorem 3.2. Let ¢ = (qi) be bounded and M = max(1l, H = sup,, ¢,). Then
loo(u, AT q) and co(u, AT, q) are linear topological spaces by g, defined by

g(@) = sup Ju, Ay, |
n

Furthermore c(u, A", q) is paranormed by g if inf, ¢, > 0. [22]

Theorem 3.3. Let ¢ = (qx) denote a sequence of positive real numbers. Then
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1. [loo(u, AT, q) P = Dpa(u7 q) =
o0 00 r —_r —m k—i1—1 1 .
Ao = () S a2 (11 ) st < o
2. loo(u, AT, )PP = Dypapa(u, q) =

00 r r -m k—i—1 L —r
Us:2{a = (ak) P SUPE>m41 |ak| ’Uk| [Zf:l < m—1 ) S wi] < OO}

Proof. Let z = (x;) be any element of ¢ (u, A, q). Then, we have

ATz € lyo(q)

= sup |ug Az | < o0
k

Define an integer s as s > max{1, sup;, |upAZx|%}. Then
sup |up A xg|®* < s
k

= |up Al x| < s, Yk

= |ugl| ATy < s, Yk
But |ux|™t = wg, so we must have
|Axg| < siwk (3.1)
Again, let a = (ax) € Dpa(u, q). Then

00 k—m
S E—i—-11Y\ + .,
; |ak|"|vx| [Z ( m— 1 ) suw;]" < 0o (3.2)

—1

Now, for k =2m,2m + 1,.... and s > 1, we can write
S (ki1 1 N k—i-1) 1
ZZI( m— 1 )s%wizizl( — )s%wi (3.3)
Since, we can write x; as
= k—i—1 = k—i—1 ;
=t (T v Y (B ) ar)



Generalized Kothe-Toeplitz duals of a new class of sequence spaces 143

Consider,
[ee) r [e'e) r —_r k—m m k - Z — ]_ m
Zk:l lapzy|” = Zk:l |ax|" vk 7" Zi:l (—1) m—1 AN
m m—i k—i—1 m—i,. |
s (K ) sel
k—1

. o] r o0 r —r k—m —1 r
e Sl < S bl () 16val

—r m k—i—1 m—i r
ol (2 (£ ) 1aral)

using (3.1), above, we get
S fasl” < S5 (ol (A (

et (F ) st < oo, wsing (32 and (33)

k—i—1 L Vo
m—1 5% W

Le., > oo lagxy|” < oo for all (zy) € lo(u, A", q). This means that (ay) is an
element of [(o(u, AT, q)]P*, but (ag) is an element of D,,(u,q). Hence, we must
have

Dpa(u,q) € [loo(u, A7, @)1
Now, to complete the proof of the first part of Theorem 3.3, we only have to prove
that [l (u, AT, q)]P* C Dpa(u, q). For this, we let (ag) ¢ Dpa(u,q). Then, there
exists some integer s > 1 such that

00 k—m . r
Z ’aquvquﬂ {Z ( k—i—1 ) Sqliwi} —
k=1 i—1 m—1
Using the above expression, we can define a sequence, say r = (z3), where
. akm [ E—1-1

Tk = Uy i=1 m—1

element of o (u, A", q). Then, we have

oo
Z lagzr|” = 00
k=1

This means (ax) ¢ [loo(u, AL, q)P*. Hence [loo(u, ALY, q)[P* = Dpa(u, q). This com-
pletes the first part of Theorem 3.3. After this, we are ready to prove the second
part of Theorem 3.3.

(1) Let a = (ak) € Dpapa(u, q) and © = (xy) € [loo(u, AL, q)]P*. Then, we have

k—m
r T k—i—1 L -
sup Jag|"|ve|"| E ( m— 1 ) seiw;] " < oo (3.4)

k>m+1 i—1

1 ) . .
s%w; , which can easily be verified to be an
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for some s > 1 and

o0 k—m
"o—r k—1—1 RER.
Z || v [Z ( 1 ) suw;]" < oo (3.5)
k=1 i=1
for all s > 1. Now, we consider

) 00 k—m E—i—1 )
> = 3 ity (4,00 st

k=m+1 k=m+1 i=1

T r — k—i—1 L -
= sup |ag|"|vk [Z( "1 >5q¢ﬂ)¢]

k>m+1 i—1
0o k—m
_ k—1—1 1
<X bty (5,0 ) s
k=m+1 i=1

< o0, In view of (3.4) and (3.5)

e, Yoo lawxg|” < oo for all x = (z3) € [loo(u, A}, q)]P*. By the definition
of pa-duals, we can say that a = (ax) is an element of [l (u, AT, q)[P*P* | but
a = (ay) is any arbitrary element of Dynpa(u, ¢). Therefore, we must have

Dpapa (U, Q) g [600(u7 A:}n’ q)]papa

Now, to complete proof of the second part of Theorem 3.3, we only need to prove
that

loo(u, AT ) [P*P* C Dpapalu,q). To do this, let us suppose that a = (a;) €
oo (u, AT q)]P**>. Then, we have

Z lagzy|” < 0o, for all z = (xy) € [lo(u, AL, q)]P*
k=1

But if z = (2) € [loo(u, ALY, q)]P*. Then, by the proof of the first part of Theorem
3.3, we must have

o] k—m
o—r k—i1—1 RN
Z |k v [Z ( m— 1 ) suw;)" < 0o (3.6)

k=1 =1
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for all s > 2. Further, as ) .- | |ayzx|” < 0o. So, we have

s k—i—1Y\ 1
|y, |” g [Z( o >sqiwi] < o0
=y T S B R -
= |ag|"|vk|"] m S % w;] < 00, V n ,By using (3.6)

1
k—m
k—1—1 1
= sup |ag|"|ve|" suw;| T < o0
s ol 1Y (50 ) s

This means a = (ax) € Dpapa(u, q) for all a = (ax) € [loo(u, AL, q)[P*P*. Hence,
[goo(ua ATa q)]pocpa g Dpoépa(uv Q)

This completes the proof of second part of Theorem 3.3. One more thing we can
add is that since [(o(u, AT, q)|P*P* # lo(u, A™, q), the space l(u, A, q)is not
perfect.

Corollary 3.1. If we put r = 1 in Theorem 3.3, then we get the a-dual of the
space Loo(u, A", q).

1' [EOO(U’ AT:Q)]Q = Da(“vQ) = )
2, = (@) - S, agljon | [T ( kil ) st < oo},

m—1
2. [goo<u> Avma q)]aa = Daa(u7 q) =

e e} —-m k - Z - 1 L —
Uz = (@) b onllal 7 (151 ) st <

Corollary 3.2. If we put v, = 1,V k in Theorem 3.3, then we get the pa-dual of
the space Ly (u, A™, q).

1. [loo(u, A™, q)JP =

M2, {a = (a0) : S, Jaul [ (
2 [l A7, )P —

U o{a = (@) : Supgapys ax 4 ( ¢

k—i—1
m—1

) sq%‘wi]r < o0},

—i—
m—1

L ) sq%w,-]_r < 00}.
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4. First and second pa-duals of the space cy(u, A", q)
In the next theorem, we will find the first and second pa-duals of the space
co(u, A", q) and prove that this space is also not perfect.

Theorem 4.1. Let ¢ = (qx) denote a sequence of strictly positive real numbers.
Then, we have

1. [Co(U, A:;nu q)}pa - MPCX(u? q); U)h@’l"@

M0 U{a—ak Z|ak| ol [m(

=1

k—i—1 = T< )
S 4w, 00
m— 1

2. leo(u, AT, q)JP*P* = Mpapa(u, q), where
i1 o |
apo & r r a; i < .
Ml = (u€o: sup [;(m_l ) w] )
Proof. (1) Let x = (x}) be an arbitrary element of ¢o(u, A", q). Then

ukAvmxk € Co(Q)
= |up Al x| € ¢
e., lupAy'zg|™  — 0as k — oo.
This means there must exists a positive integer s > 1 such that

1
|ukAUmxk]q’“ < g

-1
e, lupgAlzp] < s

= |Alxy| < S;Telwk. (4.1)
Again, let a = (ay) € Mpya(u,q). Then

> U —i—1\ o |
"okl T" aw| < 4.2
Sl |35 (5, )] < (2

for some s > 1. Since

— —1—1 =1 —1—1 =1
( )s% w; > E ( )5% w. (4.3)
1

1=
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Then
o) o) k—m .
r r —r m k_Z_l m
Z|aix¢\ = Z|ai| v | 7| (—1) ( 1 )AU T
i=1 i=1 i=1
- k—i—1 ‘
_1 m—=1 Am—z ir
- k= k—i—1 '
< Z|ai|7’!w|_7‘ Z(_l)m( . )|Avmxz\]
i=1 | i—1 m
<& k-1, ]
o Ylaltol | e (40 e \]
i=1 [ i=1 m=
- i k—i—1\ = '
< Z|ai|r|yi|—7 Z(_Dm( X )Sqiwi]
i=1 | i=1 m=
+ i‘ai’T’Uﬂr Zm:(—l)mi il stw;| | see (4.1)
— — m—1 ’

< o0, see (4.2) and (4.3)
Le., Y2 |aix;|" < oo, for all x = (x) € co(u, A, q).

= a = (ag) € [co(u, AL, q)]P“.

v

Hence,
Mpa (U, q) g [CO(uv A:;nu q)]pa. (44)

To complete the proof of first part of Theorem 4.1, we only need to prove that
[co(u, A, q)]P* € Mpa(u, q) . For this, let us suppose that a = (ax) € [co(u, A", q)]P*.
Then, we must have

Z la;x;|" < oo, for all z = (z1) € co(u, AL, q). (4.5)

i=1

Define a sequence as follows:

k—m .
k—i—1\ =1
T = vy ( ! ] )s W w. (4.6)
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We can easily verify that © = () is an element of ¢o(u, AT, q). In view of (4.5)
and (4.6) , we have

= -1\ o |
;\akl’“!vk!’" [;( m— 1 )Sqfwi] < 00.

= a = (ar) € Mpa(u,q).
= [C()(u, A:)n7 Q)]pa g Mpa(ua Q) (47)
From (4.4) and (4.7), we have

[co(u, A, )P = Mpa(u, q).

This completes the proof of first part of Theorem 4.1. Now, we will prove the
second part and then verify that this space is not perfect.
Proof. (2) Let a = (ax) € [co(u, AT, q)[P*P*. Then, we have

o0

Z lagzr|” < oo, (4.8)

k=m+1

for all x = xy € [co(u, AT, q)]P*. Now, using the proof of the first part of Theorem
4.1, we can write

o T h—i—1) o |
Pl T T w; 1.
>l [}( ) w] <o (49)

for some s > 2. We can rewrite (4.8), as follows:

> N k—i—1\ o ]
|ax|"[vr|" saw;| |og|"|oe| "
Z m—1

k=m+1 =1

k>m+1

(2

S B T
= sup |ak|’"|vk|rl ( I )sqiwi] Z |z "ok ™" X
=1
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In view of (4.9), this gives
L AV I
k;lrlna)-l lasl"lod [; ( )S ’ wi] =
This means a = (a;) € Mpapa(u, q). Hence
[co(u, A7, Q)P € Mpaga(u, q)- (4.10)

To complete the proof of Theorem 4.1, we claim that Mapa(u, q) C [co(u, AT, q)[PPe.
To do so, let us suppose that a = (ay) is an arbitrary element of My, (u,q). Then,

we have
i1\ o |
sup |ag|"|vg|" [Z ( e 1 >s%wi] < 00. (4.11)

k>m+1 —

Let = = (x)) be any element of [co(u, A", ¢)]P*. Using the result from the proof of
the first part of Theorem 4.1, we can write

0o k—m i1 . r
> o] ol [ ( >sqiwi] < o0. (4.12)
k=1

i=1
Consider
—r
oo ; ) . ) k—m E—i_1 .
Z lagzr|” < Z lak|" v L )T
k=m+1 k=m+1 =1 m
T
IS -1 o
X k| vkl | )8 w
i=1
k—m . -r
k—i—1\ =2
< sup fag|"vgl" Z( ! )s‘h‘wi
k=m+1 Py m—1
T
> IR |y " R |
X Z |k || ok S 9 w;
k=m+1 o \m—1
< 0

€., Zzozm+1 ‘akxkr < o0, for all z = ($k) € [CO(ua A?:Q)]pa

— a = (ax) € [co(u, A, q)]P*".
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Hence,
[co(u, AT, @)]P*"* = Mpapa(u; ).

Corollary 4.1. If we replace r with 1 in Theorem /.1, then we obtain the a-dual
of the space co(u, A", q) [22]

1. [co(u, A, q)]* = My(u, q), where

Ma(u,q) = | fa = (@) 3 lalfog] [ N (kﬂ; Z__l 1>s%wi] < s},

)

2. [co(u, AT, q)]* = Mya(u, q), where

oS k—m . -1
k—1—1\ =
Moo (u,q) = a€w: sup |agl|v S % w; < 00}
w0 = Yow: s julod [Z(m_l) ] )

This is exactly the same result as in Theorem 2.4 (see [22]). This means that,
by Theorem 4.1, we have generalized the previously existing results.

Corollary 4.2. If we take the sequence v = (vg) as vy = 1 for all k, then we get
the pa-duals of the space co(u, A™, q).

1- [00<u> Am’ q)}pa = Mpa(uv Q)7 U)here

Mpaw,q):U{a:(ak):Daw[‘ (’“;i}l)sqfwi] < oo},

s=2 k=1

2. [eo(u, A™, q)|P*P* = Mpapa(u, q), where

00 k—m . -r
k—i—1\ =2
Myopa(u, q) = ﬂ{a Ew: sup |ag|” [ ( . )s ai wi] < o0}
1

Corollary 4.3. [6] If we put m = r = 1 and v, = 1 for all k in the Theorem
3.3(1), and Theorem 4.1(1), then

1. [loo(u, A, @))% = Dalu, q) = NZp{a = (ar) = S5, lar] Y1) 5% wi < oo}
2. [CO(U'7 Av q)]a = Ma<u> Q); where

0o 00 k—1
;1
Mo(u,q) = J{a = (ar) : D> lax| > 5% w; < oo}
s=2 k=1 i=1
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